
Section 9.1



Section 9.2 Direct Products

Recoil: Th7.4 Let G and H be groups
Gx H -- hcg,h) Ige G. LEH's is a group under

the operation

(g, 6) (ga , ha)
- (gigs , haha)

Gxtt is the direct product
of G and H

Prep Let G=MxN (M and N are groups) .

① Then G has two normal subgroups , call them M
'

and it
'

such that M
'

am and N' a N
.

② N'AN
'
-
- ee -- Cem ,en )

③ G = N' N
'
e f mu / WEM's HEN'S

PI Let M
'

- heusen) line M b them

N' =3 Cem, n) I n e w g § both are subgroups of G wa ,

reward cue , en) Lem,n) = (in , u) -- Cem,n) Liu , en)

① The map G --Mxnl → N is a surjective group homomorphism;
Cue ,u) is an its kernel is heusen) Iue ENG --M

'

,

therefore M' is normal



G = MxN → M -1-

(wish) 1-s tu N
'

is normal

② N' nu
'
-
- heem, en) -- ee 's

③ N' N
'
e hab la e- M

'

,
few

' } E G because a e- N' CG
,
b Eal

'

c G
-

thus ab EG
Guerry element of G appears in MW

'
:

(lie , h) = (in
, en ) (em ,u) thus MH'II Therefore tint's G

.

-

The conditions ①
,
②
,
so are sufficient to conclude that a group

is (isomorphic to ) a direct product of two subgroups of the group
Th 9.3 Let M and it be normal subgroups of G .

Assume that MAN -- hey
,

G -- MN -- hmu linen , news) 177,9FI!Then Ge Mx N
→

(we
,
u ) ↳ (u

,
he)



Rein If the theorem is true , then MN - HM

Furthermore (see a remark above, it should
be that lieu - hue

for any weEM , uEH

Leanna 9.2 ( Eoxer 21 , p 254)

Let M and it be normal subgroups in G such that MAN
-
- he }

.

Then for any in E M and u e- N
,
we have that luhu.

E M
-

Pf . Consider mum
-'
n
- '
E HMM = he }

÷
N is normal in G

,

thus inHui ' = N for every lie e- G ,
in particular,
for we EMCGThus

, for next we have venue
- '

EN

we conclude that for any week and u EN ,

heh wi
'
n
-'
= e cuh cu

- '
= h lUh=hhn_

-



Pf (thin 9.3)
Define a map f : Mx N

→ G wanted : f is an isomorphism

(cu , n ) t
> can

① f is surjective because Mal -- hunt in EM ,
u e- Nb = G

② f is a homomorphism
f- (cue , ,u .> Cure ,ng)) = fCCeu.y.Df@ue.a , na)) - to cheek

(we, , u .) Ana , ha) = (tee , Wa, h, ha)

beingh ,ha = lie
,
h
, wah, - to check

-

µ
Leanna 9.2 : h

,my-_ blah ,
The right side becomes
lie
, wah , " 2③ f- is injective -

it suffices to check that the kernel off is trivial

Lf fkuy.us) = e ,
then uh - e

.

that . is



M z be = h
-'

E N

MEN
If he -_ n''

,

then we = We tend = he } . Thus we--h=e
.

Thus the kernel of f is trivial
.

-

For a group to be dsoueorphic to) a direct product
of several subgroups

Th 9. I Let N . . . . . , Nk be hothead subgroups of G .

Assume that every element ge G can
be written as

g
-

- a
.
. . . as with a

, e- He

in a unique way
Then Ga Ni x n. x Hh

Pf
Let fi N, x . .. x alee → G wanted : f is an isomorphism

↳is in , Ak) 1-3 A
,
- -- ah

f- is surjective because any eye G can be so written

f is injective because - I- in a unique way

f is a group fromoneorphism



By Lecuona 9.2 , elements ⇐

y
Cdaim Win Nj -- hey if i# j

from distinct Ni commute If a eatin Nj then the uniqueness
fails:

A = Eun. Ay if = & i - i ga
r - i e

To check : f- (Ca. . . . . as) (Eas
.

. . . bee)) = f- (Ca. . . . . . . art)f(Cea. . . . .ba))

alla agley . . . Abbie = a
, 92 . . . Ah lg, log ' - -- beeIII. 'Lewallen 82cheeked

allows us to do

these beeves


